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Abstract - This paper investigates the mathematical modelling of language change using ordinary differential
equations (ODEs), partial differential equations (PDEs), and stochastic differential equations (SDEs). Begin-
ning with replicator equations derived from evolutionary game theory, deterministic models are analysed
using phase portraits, stability theory, Jacobian linearisation and simplex geometry to explain how competing
linguistic variants evolve over time. The work is then extended to spatial reaction—diffusion models, where
travelling waves, steady states and isogloss dynamics are used to examine the geographical spread of linguistic
features. Finally, stochastic effects are incorporated through Wright-Fisher diffusion, allowing random fluctua-
tions and mutation to be included within the modelling framework. Analytical methods are complemented by
numerical simulations to illustrate the qualitative behaviour of each model. Together, these deterministic, spa-
tial and stochastic approaches provide a mathematical framework for understanding how linguistic variation
emerges, propagates and stabilises across populations and geographical regions.

Keywords - Replicator dynamics; Reaction—diffusion equations; Stochastic differential equations; Language
change.

1 Introduction

Linguistic idiosyncrasies are exhibited by all individuals. This includes variations in the words used
to indicate the same object or action, in addition to differences in how certain sounds are pronounced.
A classicillustration of a regional deviation in the terminology assigned in different geographical areas
of the US is how they predominantly refer to the same beverage: ‘pop” dominates in the Midwest, ‘soda’
around the Northeast and “coke” in the South [1]. Should a collection of pronunciations among certain
speakers become sufficiently distinct from linguistic norms, they will be referred to as an accent, and
a dialect if such a manner of speaking is accompanied by a collection of systematic differences in
words and grammar.

There is a wide range of factors to consider when determining what will drive the emergence and
evolution of these distinctions in a language. For example:

1. Social Transmission:

Individuals usually adopt linguistic patterns analogous to those with whom they most fre-
quently speak [2]. This indicates that idiosyncrasies which developed within small groups are
likely to be inherited by subsequent generations. Additionally, certain patterns may diffuse
across areas geographically close to speakers with whom they have regular contact [3].
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2. Migration:

When people migrate, it usually results in them bringing unique pronunciations, words and
lexical structures from their home regions to the areas in which they settle [2].

3. Easing Communication:

Linguistic patterns may also develop to avoid ambiguity or confusion between two speakers.
This is an example of the internal linguistic factor of accommodation. Examples of situations
in which this may occur include:

e Tonal distinctions strengthening when two words sound too similar to one another.

¢ Different words being adopted when an existing one accrues multiple possible meanings.

These processes reflect the broader principle that speakers adjust their linguistic behaviour to
align with interlocutors, a phenomenon formalised in Accommodation Theory [4].

4. Random Flux:

The usage of some linguistic patterns is also contributed to by a degree of noise and random
fluctuations. This random variation can be incurred by several different factors which will
inevitably affect such a feature as it propagates through a real-world population. These include:

e Possible random innovation events, causing a novel form of a new word to appear and
evolve within the population. For example, this could be caused by:

- Someone mishearing a word applied by another member of the population.
- Someone incorrectly generalising another linguistic pattern.

Because this factor is to be considered, it also must be possible that a novel variant of a
word in normal usage can re-enter the population after several generations of inactivity.
Primarily, the existence of these potential variants will be modelled by a mutation term
[5].

e Possible variation in the linguistic input that an individual might have. This will cause
random fluctuations in the frequency at which a linguistic pattern is applied from genera-
tion to generation purely by chance, which is a phenomenon which a deterministic model
(those which will be initially considered in this project, and do not take any randomness
into account) could not represent. Normally, this event is taken into account in a stochastic
model through the inclusion of a drift term [6].

e Situations such as certain individuals possessing greater influence or a more frequent
tendency to communicate. This means their linguistic patterns could be unevenly affecting
other members of the population, because they will appear more frequently than others in
their linguistic input. This phenomenon is called social heterogeneity, and it would not
be taken into account in a deterministic model (which would just average this behaviour,
and consider the linguistic variables to be homogeneous) [6].

This uncertainty engendered by these factors inherently necessitates that these language-
competition models eventually consider stochasticity [3].

Ultimately, the primary aim of this project is to develop, apply and analyse a series of language-
competition and spatial models of increasing complexity in order to see exactly how these linguistic
variations emerge, develop and stabilise.

2 The Replicator ODEs

2.1 Deriving the System of ODEs

First, this chapter considers the proportion of speakers who implement a certain linguistic pattern or
idiosyncrasy as a linguistic variable. Expanding on a basic form of the classic example mentioned
in the Introduction, the proportion of speakers who use different variants of a word in the US for
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the same beverage can be represented as the vector of all the linguistic variables which are to be
considered:

x = [cokeprop, sodapror, POPprepl = [*1(), x2(f), x3(t)]. )

Here, x;(t) is the proportion of speakers who use variant i of a linguistic pattern. Given that each
variable x;(t) represents the proportion of individuals who use a particular word or linguistic pattern,
it follows that:

3
Z xi(t) = 1. )

i=1
Furthermore, the notion of a simplex exists, which can be defined as the set of vectors that have
the following attributes:

e Every element of the vector is a non-negative real number.
e The sum of all elements in the vector is 1.

As a result of which, the state space of an (1 —1)- simplex can be formally written as the following;:

Al = {)_C eR"|x; >0, in(t) = 1}. (3)

i=1

Hence, the vector shown above lies in the 2-simplex, represented as A%

Additionally, in order to consider this problem from a game-theory perspective, all of these
different linguistic variants can be thought of as different possible strategies. In every given scenario,
depending on factors such as geographical area, each strategy can be assigned a certain fitness,
denoting how beneficial it would be to employ a specific linguistic pattern. Each preference will be
structured in a way that reflects the notion of accommodation, which is well reflected by the following
statement:

‘It is better to speak like the majority’.

In the first and most basic model of this project, the fitness of applying a certain linguistic pattern
in a given situation will be defined as directly proportional, and increasing, in relation to the fraction
of speakers who use it [4]. The second of these two notions is paramount, as it reflects that not
only does the fitness of using a certain linguistic pattern evolve, but also, in direct adherence to the
principle of accommodation stated above, grow relative to the proportion of the population who
employ it. Should this not have been included,  could be defined as less than or equal to 0, meaning
that the rate at which a linguistic feature is applied would either decrease or be completely stagnant
as more people adopt it, which would be an absurd result. Hence:

fi:ﬁxi,ﬁ>0. (4)

Moreover, the average fitness of all of the possible strategies can be computed by weighting the
fitness of each strategy with the proportion of speakers who employ it:

3
f= Z xi(6) fi. ®)

i=1
Finally, the rate at which a certain linguistic pattern evolves in usage over time can be considered
as proportional to two factors:

e The proportion of speakers who apply it.

e How the fitness of employing this linguistic pattern differs from the mean fitness.
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This can be expressed as:
i = xi(fi - f)- (6)
This formula, known as the replicator equation, forms the main basis for this chapter, as it can be
extended into higher dimensions in order to analyse how several linguistic patterns will change over
time, depending on their initial conditions [7].

2.2 Analysing the ODE for 2 Strategies

Firstly, a calculation can be implemented in order to construct a system of ODEs to represent how
n € IN linguistic patterns evolve over time. This can be shown as follows:

1. The mean fitness for the strategies appearing in this calculation can be determined as:

n

f=) xtfi= e+ 5+ +x3). ?)

i=1

2. Because x% + X3 + -+ + x2 is the square of the norm of the vector, the above expression for the
average fitness can be re-written as:

£ =Bl (8)

3. Consequently, the rate at which each strategy evolves over time can be expressed as:

% = ri(xi — |IxI?). )

The rate at which a system of two linguistic variables evolves over time can be considered via
this model. This can be achieved by looking at the rate of change of the variable x; over time in the
following manner:

1. Using the above formula, an expression for x; in a 1-simplex (A!) can be evaluated:

1 = x1(Bx1 — (Bx] + B3)). (10)

2. Because the vector x € R? lies in the simplex, x, can be rewritten as:

Xy = 1- X1. (11)

3. Substituting this expression for x; into x1, the following is obtained:

21 = Bai(x — (4 + (1 —x1)?)). (12)

4. Finally, factorising this expression yields:

X1 = Bx1(1 = x1)(2x; - 1). (13)

As a result, 13| only contains a term which is representative of conformity. Before solving the
equation analytically, some conclusions can be drawn in relation to how the ODE behaves, through
applying principles of Non-Linear Dynamics for the graph f(x) = x(1—-x)(2x—1) [8]. The function f(x)
will only be considered within the domain x € [0, 1], because it models a linguistic variable, relating
to the proportion of people who use a linguistic pattern, meaning it cannot be negative or exceed 1.
The constant f does not need to be considered in this graphical analysis, because, as rationalised for
M) it could only possibly be that f > 0. This means that it will not change the orientation of the plot
of f(x), and it will only cause it to be scaled differently. Taking this into account, the graph of the
function f(x) in the above interval appears below:
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Phase Line for the Replicator ODE

X

Figure 1: Phase Line for the 2- strategy Replicator ODE 'm

Consequently, a graphical analysis can be conducted, allowing for these observations to be made:

e The ODE exhibits fixed pointsatx = 0, x = % and x = 1. Moreover, these correspond to the states
(x1=0,x2=1), (x1 = %,XZ = %) and (x; = 1,x, = 0). This means that, if the initial condition for
x1 is any of these proportions, then both x; and x; will remain stationary forever.

e The stability of the proportions in close proximity to these fixed points can also be determined.
This is achieved through examining the sign of f(x) in a neighbourhood of each of its zero points
[9]. For example:

— It can be concluded that x = 0 is stable. This is because trajectories in a neighbourhood of
this equilibrium converge towards it. This is indicated by the changing signs of the graph,
from f(x) > 0 for x < 0, to f(x) < 0 for an open interval in which x > 0. Consequently,
if a proportion is sufficiently close to this fixed point, it is expected that it will converge
towards it over time.

- Using the logic stated above, it can also be determined that x = % is unstable, meaning that
proportions are expected to diverge away from it over time. Additionally, x = 1 is a stable
point, so the same observations as x = 0 can also be made for how a neighbourhood of
proportions around this equilibrium will behave.

— Finally, it can also be concluded that a phase portrait which corresponds to the graph of
f(x) will contain several heteroclinic orbits. This is defined as an orbit which links two
distinct equilibria through the forward and backward time limits (also denoted as & and
w-limits). This can be formulated as the following:

tlim ult) =u_, tlim u(t) = uy (14)

where u_ # u,. These orbits must always belong to the unstable manifold of the initial
fixed points, which can be denoted as WY (u_), meaning that trajectories will depart from
the equilibrium in forward time, and the stable manifold of the terminal fixed point,
W5 (1), meaning trajectories tend to it (? ). For example, if a trajectory belongs to the set
x(0) € (0, %), considering the closed interval so as to omit equilibria, it can be determined
that they lie on the unstable manifold of x = %, (Wu(%)), and the stable manifold of x = 0,
(W5(0)). As a result, this trajectory forms a heteroclinic orbit from the unstable equilibrium
point x = 1 to the stable x = 0. Similarly, if a trajectory belong to the set x(0) € (3, 1), then it
is determined that it forms a heteroclinic orbit from the unstable equilibrium point x = 1
to the stable x = 1. The following observations can be articulated formally as follows:
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"Every trajectory with an initial condition in the interval x(0) € (0,1) \ {%} isa
heteroclinic orbit which lies in Wu(%), and either W5(0) or W5(1).

or:

"Two heteroclinic branches form connecting x = % tox=0andx=1."

However, the ODE x1 = x1(1 — x1)(2x1 — 1) can also be solved analytically, as will be shown below.
Whilst this is possible for a A! system, determining attributes of the system such as those above
through principles of Non-Linear Dynamics will become paramount when considering simplexes of
higher dimension, as evaluating a solution directly will be infeasible:

1. Firstly, due to the fact that ¥ represents the rate at which a linguistic variable evolves in usage
within a population over time, it can be rewritten as the following:

T n - - 1) (15)

2. Hence, the integration technique of Separation of Variables can be employed:

1
fxl(l —x1)(2x1 — 1)[71361 - fdt (16)

3. Additionally, Partial Fraction Decomposition can be implemented in order to write the above
integral with respect to x; in the form of 3 integrals, which can be evaluated with standard results:

1 A B C

il A=-1 B=1 =4 17
x1(1—x1)(2x1—1) X1+1—X1+2X1—1’ ! ’C ( )

4. As a result of this decomposition of the integral, it can be stated that:

1 1 4
_ = 1
f x1+1—x1+2x1—1dx1 t+Co (18)

where C; represents the constant of integration.
5. Subsequently, considering the result that f 1dx =In|x| + C, it can be determined that:

—Injx|—In[1 = x1|+2In2x; = 1| =t + C; (19)
6. Then applying standard logarithm results will yield:

(2x; - 1)

In
x1(1-x1)

=t+C, (20)

7. Finally, exponentiating both sides enables the concluding result of:

(201 —1)%

-1 Age! (21)

As a result, the following graph can be constructed in order to display the evolution of the linguistic
variable x; relative to time:
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Time Evolution of the Replicator ODE
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Figure 2: Solution to the equation infor different initial conditions

Additionally, based on the equation in[21} and further supported by the above graph, the following
observations about the qualitative behaviour of this dynamical system can be made:

e Firstly, this function possesses some restrictions in domain. For example, it cannot assume
the values x; = 0 or x; = 1, because these are the poles of the system, and it will cause it to
diverge. This however, does reflect the attribute of the system which was determined above,
that non-equilibrium trajectories in the region x(0) € [0, 1] lie in either W5(0) or W5(1).

e Whilst the behaviour of the ODE solution expressed in[21|at x; = 0,1 has significance in terms
of analysing its dynamics, in order to maintain a finite value of ¢, x; can only assume values in

the domain x; € (0,1). In this interval, it can be concluded that both (2x; — 1)? and x;(1 — x7) are
(2x1-1)2
x1(1-x1)
forwards time ¢! > 0, it must be that A, > 0. This can also be used to further substantiate the

observation, directly above this one. This is due to the following facts:

greater than 0, meaning that > 0. Since it can be determined that in both backwards and

(201 —1)2
-0t x1(1—x1)
i @02 (22)
x1—1- x1(1 - xl)
tlim el =00

This directly corroborates the fact that the domain of f(x) allows two heteroclinic branches
connecting the a-limit x = % to the possible w-limits x = 0, 1. Should A; < 0, this would indicate
that Aje' either tended to —co or just remained completely stagnant, which would be an obvious
contradiction to the behaviour of the left hand side of the solution to the ODE.

e Additionally, it can be determined that the solution to the ODE is symmetric under x; = 1 —x;.

This can be proven by considering the function on the left hand side of 2.21, namely f(x1) =
(2x1-1)?
xl(i_xl)/

x| = %, indicating that the dynamics around x € (0, %) and x € (%, 1) are the same, merely being
reflected. Therefore, both heteroclinic orbits are structurally identical.

and showing that f(x1) = f(1 — x1). Hence, the system has symmetry around the point

e Finally, this solution can also be applied in order to further prove the conclusions above re-
garding the stability of every equilibria in the system. Using x1 = 3 as an example, this can be

achieved as follows:
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1. Firstly, consider a slight perturbation to the fixed point x; = 3. This can be expressed
mathematically as:

x| = % + €, where |e] < 1 (23)
2. Substituting this newly determined value for x; into the function f(x1), as expressed in
yields:

1 2 1ie)- 1)2
ol

(3+¢)(z-¢)

3. Furthermore, the following expression can be simplified as:
1 4¢?

f(§+e)=%_€2 (25)

4. As aresult of the fact that € has been defined as a very small quantity, €2 can be considered
as almost negligible. As a result 1 — €? can be considered as a very close approximation to
%. Applying this logic to the ODE solution inyields:

16€? = Ayet (26)

5. Finally, writing the above expression in terms of €, it can be stated that:

VAe:

et =~ 27)

This result indicates that, in a neighbourhood local to x; = %, € tends away from x = % at

an exponential rate as time progresses. Consequently, in a 1-dimensional system, x; cannot
possibly return to this value. As a result, it can be concluded from this analysis that x; = 1 is
unstable [9]. A similar process can also be implemented in order to conclude the stability of the
other two equilibria.

However, the methods elucidated in this chapter can also be extended to form and analyse a
system of ODEs for a greater amount of possible strategies indicated by the linguistic variables [7].

2.3 Analysing the ODE for 3 Strategies

Firstly, a system of ODEs which represent how 3 interacting linguistic variables (x1,x2 and x3) will
evolve over time within a population, provided that they form a A2, can be constructed. As a result,
an expression for x; and x; in terms of only x; and x; can be subsequently evaluated. This can be
achieved using the following method:

1. Firstly, as established in[6} and rationalised for 4} a system of ODEs can be determined, using
the results for x1 and xp:
X1 = Bx1(x — (x% + x% + x%))

: (28)
Xy = Bxo(x2 — (x% + x% + x%))
where > 0.

2. Additionally, considering the fact that the system is a A?, it can be determined that:

X3:1—X1—XZ (29)
3. As a result, substituting these values into 28 yields:
X1 = Pyl — (8 + x5+ (1 - x1 — x2)%))

(30)

Xy = Bro(rz — (4] + 25 + (1 — x1 — 12)%))
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However, this set of ODEs cannot be solved analytically, unlike the previous section. Therefore,
various principles of Non-Linear Dynamics must be considered in order to make observations about
how each linguistic variable in the population evolves. After taking all of these into account, a phase
portrait can be constructed, which is a visualisation of how the system will develop over time. Such
principles may be:

1. Calculating Fixed Points:

Calculating the equilibria of a system determines the states at which the system will not change
as time evolves. As a result of which, these configurations will mark clear points around which
the qualitative behaviour of the trajectories is organised. Based on this behaviour, each equilibrium
can be assigned a different classification, which proves to be a significant aid in concluding how the
dynamical system transitions between its steady states.

2. Jacobian Matrix:

The Jacobian matrix is a primary tool used in classifying the equilibria of a dynamical system by
determining the behaviour of trajectories in a neighbourhood within their vicinity [9]. As a result,
it can be determined whether or not such fixed points are stable, unstable or saddles. The last
classification indicates that the trajectory tends away from the fixed point in one direction, being on
an unstable manifold, and approaches it in another direction, on the stable manifold. The process of
calculating the Jacobian matrix of a system for such an objective is called linearisation. This matrix
can be derived through the following calculation:

1. Firstly, a general 2-dimensional dynamical system of ODEs is considered:

X1 = f(x1,x2)

Xy = g(x1,x2) 1)

where f,¢ € C}(R?). This indicates that both functions are continuously differentiable over
the set of IR?. This means that for x1, x» in this domain, both f and g are continuous, which also

applies for the partial derivatives: %, % and %’1, ;—fz. As indicated by the Picard-Lindelof
Theorem, this will ensure that a unique solution exists for every trajectory of the system. As a

result, trajectories will not intersect with one another in the phase plane.

2. Additionally, it can be assumed that the configuration x = (x, x}) is representative of an equilib-
rium. Considering a state (1, v), which represents very small perturbations from the equilibria,
the following equations can be derived:

u=x3-x
. (32)
V=X — X,
3. Because x’i and x; are constant values, it follows:
u=xq
L (33)
U= X2
4. Therefore, the general system in [31]can be rewritten as follows:
= flu+x,0+x
f( 1 2) (34)

0=3(u+x},0+x;)

5. Consequently, an approximation of the 2-dimensional Taylor series for this system which drops
all non-linear terms can be evaluated as being the following:

d d
u= —f u+ —f v
du (x]x3) Jdv (x7,x3) (35)
. _ 98 L9
0= == - v
u (x;,x;) v (xq,xz)
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6. As a result, writing this approximation for a Taylor expansion in the form of a matrix, it can be
determined that:
. of of
% 78 98
du Jv

7. Consequently, the Jacobian matrix for a 2-dimensional dynamical system can be written as:

of of
-9
du

v

(36)

(x},%3)

(37)

(}x3)

However, because the Jacobian is an approximation which requires dropping all of the non-
linear terms, it can only be considered an equivalent form of the original ODE system within a
neighbourhood of points local to the equilibrium. Additionally, the fixed points of the dynamical
system must be hyperbolic, which means that they have eigenvalues, which can be computed using
standard Linear Algebra. This is more formally stated in the Hartman—Grobman Theorem [9]:

"If the equilibrium of a system of ODEs is hyperbolic, then this system and its linearisation around
this equilibrium are considered to be locally equivalent.”

As a result of this theorem, the matrix expressed in (37, trajectories around an equilibrium can
be classified by computing the state’s corresponding eigenvalues, which will be referred to in this
dissertation as A, of the Jacobian, J. This is because they locally govern their quantitative behaviour.
Therefore, the eigenvectors of |, which will be referred to as v, can be computed, like eigenvalues,
through standard methods of Linear Algebra. Additionally, the direction in which trajectories flow
over time relative to equilibria, denoted as x(t), is expressed as a linear combination of eigenvalues
and eigenvectors, in the following form:

x(t) = AeMZ1 + BeMg2 (38)
Consequently, through considering their real and imaginary components, if necessary:

e Firstly, if A € R, meaning that it is purely real, the local asymptotic stability of the trajectory
around the fixed point can be determined. Specifically, if R(A) < 0, then local stability is
indicated, whereas if R(1) > 0, then the configuration is locally unstable.

e Additionally, if A € C, meaning it is complex, then the imaginary part corresponds to the local
oscillatory behaviour of the trajectory, which in turn produces rotational motion in the phase
plane. Furthermore, R (1) can be considered in order to conclude whether or not this eigenvalue
enables either spirals or closed orbits around a centre. If A is purely imaginary, the equilibrium
can be classified as a centre. They can be shown to be spirals, provided it has a non-zero real
component. Should R(A) < 0, this trajectory will decay towards the equilibrium, consequently
being locally stable in the phase plane. It will, however, grow away from the fixed point, hence
being unstable, if R(1) > 0.

3. Simplex Plot:

For a dynamical system such as the one presented in the simplex plot provides a completely
faithful representation of how it will develop, visualised in a 2-dimensional form [8]. Therefore, it can
be considered an accurate depiction of the phase space of a dynamical system. This can be considered
through use of the following;:

1. Firstly, the phase space is that of a A2, meaning only 2 of the 3 linguistic variables present are
independent. This is because the third of these, x3, can be modelled in terms of x; and x.
Hence, the system has only 2 degrees of freedom, and its dynamics evolve on a 2-dimensional
manifold embedded on IR?, such as one which can be represented by a simplex plot. This means
that the simplex plot can contain all trajectories in the system.
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2. Moreover, it can also be proven that a trajectory on the simplex plot will never leave it, meaning

that this manifold is invariant. Considering at a certain system configuration, relative to time,

t, denoted as ¢(x), and the manifold itself as M, such that M C R?, this can be formulated as
follows:

Vi: xeM = ¢ix) €M (39)

and comes about by considering the following factors:

e Invariability under Plane Constraints: The plane on which the state space of a A? exists
is x1 + x2 + x3 = 1. This means that as time evolves, all trajectories defined to be on this
plane will flow whilst remaining on it. This is determined simply by taking the derivative
with respect to time, t, on both sides as follows:

d d
Gt t+x)=—(1) (40)
and employing basic differentiation results:
X1+xp+x3=0 (41)

o Invariability under Negativity Constraints: Additionally, the trajectories must still remain
on this plane even after the constraint that x1, xo, x3 > Ois preserved, because the boundaries
of the simplex are also invariant. This can be determined as true for the system states in
which x1, xp, x3 = 0 because:

X = Pxi(x; = S5)=0 (42)

for xjc123) = 0. As a result, once a trajectory reaches one of the boundaries of the simplex
plot, there will be nothing which can direct it to any state such that x;c(1 2,3y < 0. Moreover,
it can be determined that each boundary forms a segment represented by an invariant
line. For example, if a segment, S, entered the edge defined by x; = 0 (meaning that
the corresponding linguistic pattern became completely extinct, and now either 2 of the
features interact with one another, or one completely dominates) it could be expressed as
a 2-strategy subsystem, which would always remain on this invariant line however much
time evolves.

As a result of these characteristics, it can be determined that all trajectories in the phase space
can be embedded onto a 2-dimensional invariant manifold, which trajectories can never flow out of.
This indicates that a simplex plot will always be able to contain the evolution of all trajectories in the
dynamical system without any loss of information. As confirmed by the points elucidated above,
such a plot can assume the form of a triangle, in which:

e Each vertex corresponds to a state, where one of the linguistic variables, x1, x or x3, dominates
completely.

e Additional points on the edges correspond to a state in which two of the linguistic variables
coexist with each other.

e Every point in the interior corresponds to a state in which all three of them interact with one
another simultaneously.

This geometric structure will allow for the qualitative behaviour of all trajectories contained
within the dynamical system over time to be visualised, and hence analysed with greater clarity. The
evolution of the trajectories in the system around equilibria will be considered especially in this case,
to determine whether a linguistic pattern will dominate in the population or whether multiple may
coexist.

Because the development of the phase space can be visualised so completely by a simplex plot, one
will be constructed in order to better analyse the qualitative behaviour of the ODE system expressed
in28l However, in order to do so, both equilibria and the characteristics of the trajectories relative to
all the invariant subsets of the dynamical system must be computed.
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Initially, the equilibria of this system can be considered. Computing these fixed points is, however,
more difficult in a 3-strategy ODE system, as there are more chances for one to occur, compared to
the 2-strategy counterparts seen in section 2.2. In order to identify where exactly these equilibria will
lie, the nullclines of the dynamical system must be considered. These are defined as curves on which
the flow is entirely vertical or horizontal. This indicates that, for a generic dynamical system:

X1 = f(x1,x2)

43
Xy = g(x1,x2) )

there exist nullclines at ¥; = 0 and x, = 0. Additionally, the equilibria of the system can be
obtained as the intersection of these nullclines. Consequently, for the system stated in 2.30, it can be
determined that the two equations which must both be satisfied for a fixed point to exist are:

Bx1(x1 — S(x1,x2)) =0

,Bx2(x2 - S(xl, XZ)) =0 (44)

where S(xq, xp) = x% + x% + (1 — x1 — x2)?, and will be referred to non-explicitly from now on as S.
As a result of this, the solutions to each of the individual equations in 2.39 would have to be:

x1=0andx; =S
(45)
xZ:Oande:S

Alongside the equilibria which relate to the vertices of the 2-dimensional manifold (which were
mentioned above whilst justifying why a simplex plot would be valid for visualising the dynamics of
an ODE system), there 4 possible configurations which would allow for a steady state to be observed.

These are:
X1 = 0and Xy = 0

X1 =Oandx2 =S
(46)
x1=Sandx, =0

x1=Sandx, =S

Firstly, the initial equation of 46| corresponds to the state (x; = 0,x2 = 0,x3 = 1). The second of
which, however, requires further calculation, as follows:

50,x)=x = xp = x% +(1- x2)2 47)
As a result of which, a quadratic equation arises, which is as follows:
2x3-3x+1=0 (48)

which can be evaluated to give the solutions x; = 1, % These correspond to the equilibrium states
(x1 =0,x2=1,x3=0)and (x1 =0,x, = 3,x3 = 3).
Additionally, it can be concluded that the third equation of [46] yields the equation:

2x2-3x1+1=0 (49)

This is concluded as corresponding to the states (x; = 1,x, = 0,x3 = 0) and (x; = %,xz =0,x3 = %).
Finally, from the fourth equation, an additional quadratic equation can be developed:

6x5 —5x2+1=0 (50)

This corresponds to the states (x1 = %,xz = %,xg, = 0) and (x1 = %,xz = %,Xg, = %)
Consequently, the full set of equilibria for the dynamical system is:

1 1y /11 1 1y/111
= ~0,=)(z = = 25,5, = 51
(xlllex?)) {(1/0/0)/(011/0)/(01011)/(2/0/ 2)/(2/ 2/0)/(012/ 2)/(3/ 3/ 3)} ( )
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Additionally, an important aspect of a simplex plot will be considering the trajectories relative to
equilibria of the system. This can be computed through means of the Jacobian, which was derived
above, as follows:

1. Firstly, the partial derivatives of ¥; and x, with respect to x; and x; can be computed with
standard differentiation results such as the product rule as follows:

ox1 dS

a—x1 —ﬁ((xl —S)+X1(1 - a—xl))

on _ g (3

3XZ B ﬁ ! 8x2
. (52)

P _ g5

&xl B ﬁxz axl

Jxo _ dJS

8_2(,‘2 = ﬁ((XQ S) + Xp (1 ax2 ))

Additionally, this means that the Jacobian of this system can be expressed as:
i ) A )
J=p 95 95 (53)

—x2(52) (2= 5) + 202 (1~ 52)

Finally, considering the fact that S(x1,x2) = x% + x% +(1-x1—x)?%, the partial derivatives expressed
in b2 relative to S are as follows:

5—5 =4x1 +2x -2
s (54)
— =2x1+4x, -2
8x2

2. Subsequently, each steady state must be considered. However, because the ODE system only
has 2 degrees of freedom, it is not necessary to consider x3, as the linguistic variable will be determined
purely by the other 2, and hence will not affect any trajectories in the phase space. Additionally,
does not influence the stability classification of an equilibrium, which the Jacobian will present.
This is indicated due to the facts that § can be factored out of the Jacobian, and that this coefficient
must always be positive, which was rationalised in the previous chapter. Both of these indicate that
would only assume the role of scaling these trajectories, and would not actually alter their orientation.
Therefore, it can be determined that:

-1 0\ (-1 0) (-1 0) (3 1% 0o -1
o -1){o -1)7{o -1)7\o -i)7\-3 o)
10
(-4 ozt 3), (5 )

3. Subsequently, the eigenvalues of all Jacobians must be computed. This is so that the trajectories
around each equilibrium can be analysed. As a result, the fixed points can be classified appropriately,
and a primary attribute of the simplex plot can be constructed. The set of eigenvalues corresponding
to the Jacobian matrices in [55/are now to be calculated. For the majority, this can be achieved with
the following observation:

Jer,x0) =

"The eigenvalues of a diagonal matrix are the elements which appear on the diagonal.”

However, the eigenvalues of the non-diagonal matrices generally need to be computed through a
-1
more involved calculation. An example of this will be given for the matrix 01 02):
2
1. Firstly, the eigenvalues, A, of a matrix, A, will all satisfy the following equation:

(A-IAw=0 (56)
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0 . . . . .
where [ = ) refers to the Identity matrix, and v is the eigenvector of the matrix A.

1

01
2. As a result of 56| a method to evaluate the characteristic polynomial, from which the eigen-

values of A can be extracted, will be concluded. This is based on the determinant of the matrix

A - IA:

1

A -3
=0 (57)

L

2
3. Calculating this determinant yields:
1 1 1
2_ 1 _ Ma-2Z)=

M- (“2)(A 2) 0 58)

4. This means that the matrix possesses the eigenvalues A1, = 1, —1.

Applying this same process to all of the Jacobians, it can be determined that the eigenvalues
corresponding to all of the fixed points of this dynamical system are:

po={n 0 (52), (53) (23 O

As a result of which, these equilibria can be analysed and classified as follows:

1. A = =1: This is a stable node. According to the Non-Linear Dynamics analysis above, and in
the previous chapter, all trajectories will flow directly into this point as time evolves without
any oscillation. This is an example of monotonic convergence.

2. A = (%, —%): This is a saddle point. As defined above, trajectories will flow outwards from the
equilibrium on an unstable manifold, and inwards on a stable manifold.

3. A = i: This is an unstable node. This indicates that all trajectories will flow outwards from it
as time evolves. As a result, the trajectories now diverge monotonically from the equilibrium.

The final constituent to consider is the quantitative behaviour of the trajectories along the invariant
lines. As mentioned above, this can be achieved by considering x; = 0 for the i edge of the manifold,
and then constructing and analysing a 2-strategy subsystem. For example, this can be achieved as
follows for the 1%t edge:

1. Firstly, the constraints which define A?, combined with the fact that x; = 0 for this system, must
be considered. This is because it will allow an expression for this 2-strategy subsystem A(lezo) to be
developed:

N o) = 1(0,x2,%3) | X2 2 0,63 2 0,20 + x3 = 1) (60)

2. Because of these constraints and the equation expressed in[44} it is only necessary to determine
how one variable (which is selected to be x; in this case) will evolve to know the entire behaviour of
subsystem. This is because x; is defined to be stagnant, and x3 is dependent on x,. Additionally, it

can be concluded that an expression for x; is:
X2 = Bra(x2 = S) (61)

3. Moreover, the variable S can be written explicitly, considering the fact that x; = 0, as the
following;:
S(0,x2,x3) = x5 + (1 — x2)? (62)

4. Finally, expanding the quadratic equation in[62} it can be determined that:
Xy = Pra(xa — (25 — 223 + 1)) (63)

5. Which yields:
X2 = Pro(1 — x2)(2x2 — 1) (64)
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Additionally, employing a similar process for A(sz ) and A(2x3 ) will yield the sub-systems:

=0 =0

X1 = Brr(1—x1)(2x — 1)
X3 = Px3(1 — x3)(2x3 — 1)

As shown in 65} each invariant edge of the simplex carries a 2-strategy subsystem, which de-
termines its dynamics to be precisely the same as those of the ODEs which were looked at in the
previous chapter. Consequently, having already analysed them, it can be immediately concluded
how the trajectories around each invariant line will evolve.

In order to visually express the attributes of the dynamical system which have been determined
above, the following simplex plot can be shown:

(65)

Simplex for the 3-strategy Replicator ODE

Figure 3: Simplex plot for the 3-strategy Replicator ODE

2.4 Analysing the ODE for Higher Dimensions

In this section, methods will be considered in order to analyse the dynamical system expressed by the
replicator equation in [f more generally. This entails extending the methods discussed in the above
section in order to apply them for an n-dimensional system of ODEs. In order to achieve this, one of
the primary concepts to be considered is that of barycentres, which are to be referred to as b*. This
is defined as a natural extension of the concept of a centre of mass, which is considered to be the
‘average point” of a collection of vertices relating to a particular shape, calculated by determining
the arithmetic mean of all their co-ordinates. In the context of an n-simplex, each dimension up to
n will possess a face, which in turn will have a certain unique barycentre. In order to determine all
possible equilibria, the barycentres for every dimension must be collected. Moreover, as a result of
this definition, for a general barycentre of a k-dimensional face, each vertex spanning the face must be
equally-weighted. This will form an average point with exactly k non-zero co-ordinates, with each
being equal to % For example, this computation can be done with the 3-strategy system, which will
form a A%, determined in the above chapter. This is considered geometrically to be a triangular region
with vertices at e, e; and e3, corresponding to the positions (1,0, 0), (0,1,0) and (0,0, 1). Additionally,
the following faces are to be considered:

1. 0-dimensional Face: This is simply the vertices of the region e;, e, and e3.
2. 1-dimensional Face: There are 3 1-dimensional faces of this system, one of which is a line

spanned by e; and ey, which, in this dimension, will be considered as (1,0) and (0,1). As a
result, this creates the barycentre:

(1+0 O+1,0)

11
2 7 2 (E’E’O) (66)
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Using a similar method, the other two barycentres (which span ey, e3, and ey, e3 respectively),
can also be determined as:

(o)
and:
02

3. 2-dimensional Face: Finally, there is a single 2-dimensional face, which is the triangle spanned
by e, e2 and e3. As a result, the barycentre can be computed as follows:

(1+0+0 0+1+0 0+0+1):(1 1 1) (69)

3 ' 3 7 3 333

Hence, confirming what was stated above, the entirety of the dynamical system’s equilibria can
be determined by combining all of the barycentres for each face. This is confirmed because it matches
the set of fixed points evaluated in the previous section. Moreover, this method can be extended to
a general subsystem with k different strategies relative to an n-simplex. As a result, a mathematical
formula for their barycentres, and consequently (when considering {Vk € IN : k < N}) all equilibria of
the dynamical system can be determined as follows:

1. Firstly, define the set S as follows:

S={ieN U{0}:i<k} (70)

2. Subsequently, based on the above calculation for a 2-simplex, the barycentres of a k-strategy
subsystem for an n-simplex can be formulated as follows:

1 e
E if i€S (71)
0 if i¢S$S

="

Xi =

Having now attained all possible fixed points for an n-simplex, a general expression for the
Jacobian must be computed in order to make observations similar to those of the above section. This
can be achieved as follows:

1. Firstly, a general expression for the Jacobian can be determined and considered, through use of
basic index notation:

_ oX;

]z’j—a_xj

Hence,indicates that the element in the i row and the j column of the Jacobian is calculated
by taking the partial derivative of the i equation in the ODE system with respect to the j" strategy.

2. As a result of which, this can be computed by considering both the equation in ] and the
Kronecker delta function, which is to be denoted 6;;. The delta function is defined as follows:

s 1 i =] 73
YUl if i# (

(72)

3. Subsequently, as a result of considering[72} a general expression for the Jacobian of [is:
2 (g2 ~ i) 74
ax i ! =

4. Consequently, using the Kronecker delta function, in addition to standard differentiation
techniques such as the chain rule, it can be determined that this derivative will yield:

Jij = B6ij(2x; — lIxI?) — 2xix;) (75)

Finally, considering this general expression for a Jacobian, several observations can be made about
its eigenvalues. Additionally, the above linearisation naturally splits into 2 different situations, each of
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which offering valuable observations about the development of the k-dimensional face of the simplex:

1. Outside the face in k dimensions:

The eigenvalues of Js in this case correspond to the qualitative behaviour of the dynamical system
relative to a normal direction. This is important, because in higher dimensional systems, each
face is embedded in an n-dimensional ambient space, such that Js € R". Therefore, infinitesimal
perturbations can not only occur within the face, but also orthogonally from it. This means the
eigenvalues of the Jacobian for variables outside of a k-dimensional face can be evaluated, in order to
see whether such a deviation will converge towards the face (stable), diverge away from it (unstable)
or evolve neutrally along a centre manifold. Whilst this was not something significant to consider
for the previous sections, because this notion is often either trivial or implicitly assumed in lower
dimensional systems, for the model in this chapter, it is essential to verify that the simplex forms a
normally stable invariant manifold, to make any accurate observations about how the trajectories
in a tangential direction (referring to those on the invariant manifold) evolve over time:

1. Firstly, it can be stated that strategies x; and x; are being considered such that:
Lj¢S (76)
2. As aresult of this, all variables are 0, if i # j. This means that outside the k-dimensional face:
Jij=0 (77)
3. Additionally, if i = j, it can be concluded that:

X = 0 (78)

This corroborates the definition for a barycentre in Moreover, it can be determined that ||§||2
is expressed as follows:

511
2_V L _ 1
=)= (79)
4. Consequently, substituting and simplifying the Jacobian down, it can be concluded that:
Ji = —g (80)

Hence, as a result of these calculations, it can be concluded that | is a diagonal matrix, whose
only non-zero entries will be of the form —g. Additionally, it can be concluded that g, k > 0. This is
because of the rationale in the first section of this chapter for , and simply by definition for k. The
sign of all the eigenvalues of | can therefore be determined as negative. This indicates that outside
of any face in k dimensions, all trajectories will be stable, and are to monotonically converge towards
the manifold. Consequently, this indicates that an analysis of how trajectories evolve in the tangential
directions to the manifold are meaningful, meaning that the next case can be considered.

2. Inside the face in k dimensions:
This analysis employs the same fundamental principles implemented in the previous sections,
meaning they should be referred to for rationale of why they are to be implemented.

1. Additionally, the strategies x; and x; are given such that the following can be formulated:
i,j€S (81)

As a result of which, one general representation for a Jacobian, to be denoted as Js, must be
evaluated.
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2. Additionally, substituting the result in in addition to the fact that in the k-dimensional face:

Xi=Xj = % (82)

sl (- 2)-2(2)

3. Finally, implementing further simplifications to[83} in addition to expressing s in the form of a
matrix instead of a scalar will give:

in Js will yield:

1 2
s =87 ) ®)
where I refers to the identity matrix, which is an appropriate matrix form for the Kronecker
delta function 6;;, due to the fact that it has ones on the diagonal, clearly corresponding to
where i = j, and zeros everywhere else. Additionally, 1 refers to a vector which spans a single
direction. This will be a one-dimensional subspace, which is depicted as a line through the
origin. Consequently:

span{l} = {c(1,1,1...,1)| c € R} (85)
and 17 refers to the transpose of the vector. Consequently, 117 can be computed by considering
the following:

1 1 1
1 1 . . .
=0 (86)
1 S|

1 1 1

which is a k X k matrix entirely comprised of the element 1.

Additionally, the eigenspace span{l} represents the consensus direction, because it clearly
changes uniformly across all strategies in S. Hence, based on 84} several analyses can be made
about Js in this case:

e Firstly, this matrix is symmetric. This can be proven as follows:

(a) Firstly, it must be recalled that if a matrix A is symmetric, then the following equation
will hold:
A=AT (87)

(b) Furthermore, because Js is comprised of scalar multiples of several matrices and
vectors (meaning that they are numerical values), it is only necessary to determine
that these objects are symmetric. This means that the coefficients can be omitted from
this proof. The first part of this matrix can be easily determined as symmetric, using
the standard result that:

[=1" (88)
(c) Additionally, the second object, 117, can be proven as symmetric using the following
result:
(AB)T = BTAT (89)
This means that:
1hH =ahHn’ =117 (90)

As a result, it can be determined that both objects which this Jacobian is comprised
of are symmetric, meaning that a difference of scalar products of these objects, an
example of which being Js, is also symmetric.

Moreover, as a result of being symmetric, several observations can be made about Js:
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o All eigenvalues of the Jacobian are to be real. Mathematically formulated, this is:
As €R 91)

e Eigenvectors which correspond to different eigenvalues are considered orthogonal. This
indicates mathematically that, for two eigenvectors (to be denoted v and v»):

VlTvz =0 (92)

4. Additionally, in order to compute the eigenvalues of Js, the vector 1, mentioned above,
should be considered first. As a result of which the following calculation can be implemented:

(a) Firstly, it can be determined that multiplying the first component of |5 by the vector 1 will
be trivial, since it will just yield:

[-1=1 (93)
(b) Additionally, it can be evaluated that:
117-1=1-01"1) (94)
(c) Moreover, because of the fact that:
1
(11| |= (95)
1

This indicates the second component of Js is to be denoted as a scalar multiple of the
original vector 1, namely k1.

(d) Finally, combining these calculations together, and then simplifying, it can be determined
that Js - 1 is:
1 p

5(?1—%-1«):—?1 (96)

5. Consequently, comparing this expression to the standard relationship between a matrix, A,
and both one of its eigenvalues, A, and eigenvectors, v, as stated below:

Av = Av 97)

it can be determined that the eigenvalues of |5 are —%, which have the corresponding eigenvector
v1 = 1, and hence is in the consensus direction. As a result of the fact that this eigenvalue only
corresponds to a single eigenvector, it can be concluded that it is of dimensionality 1.

6. Additionally, because of the observation made above that the eigenvalues of a symmetric
matrix are orthogonal to one another, it can be concluded that every other possible v lies in an
eigenspace such that:

1T v=0 (98)

which means that the total mass of all variables on the face will remain constant:
Z X; = 1 (99)
i€S

Therefore, they represent the redistribution directions, in which perturbations may increase
the weight assigned to certain variables, whilst decreasing others such that |99 still applies.
Consequently, these are a subset of the tangential directions.

7. This indicates that |5 - v can be calculated through use of the following method:

(a) Firstly, similar to the calculation above, the first component of this product of two matrices
has a trivial solution:
I-v=v (100)
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(b) Additionally, considering the result in[98) it can be determined that:
11T v=1-1"v) =0 (101)

(c) As aresult, it can be concluded that:

Js-v= %V (102)

8. Applying the result in 07 it can be concluded that all eigenvectors orthogonal to 1 have
eigenvalues g This means that it is of dimensionality k — 1.

Additionally, based on the rationale mentioned in the above case, it can be concluded that
B,k > 0. Moreover, the eigenstructure on the face is comprised of:

e A single eigenvector in the consensus direction, span{1}, which has a corresponding eigen-
value of —é.

e k—1 eigenvectors in redistribution directions, which are orthogonal to the consensus, and
B

possess the eigenvalue .
Applying the same method as in the above section, it can be determined that perturbations will attract
in the direction which correlates to a uniform change for all variables in S. Hence, trajectories would
converge back to the equilibria along this axis. Additionally, perturbations in the redistribution
directions repel. Therefore, the trajectories would, in this case, diverge from the equilibria. Overall,
this configuration indicates dynamics within the face are those of a saddle point [8,9].

3 The Replicator- Diffusion PDE

3.1 Analysing the PDE for 1 Spatial Dimension

Firstly, this chapter will consider extending the notions explained above, by constructing several
Partial Differential Equations (PDEs) in order to model the evolution of linguistic patterns in both
time and space (? ). For example, if the ODE which was determined in the previous chapter for a
2-strategy system of linguistic variables also took the spatial dimension into consideration, it could
be written in the following form:

Pu

- (103)

8_u =pu(l-u)u-1)+D
ot
This is referred to as a replicator diffusion equation [3].
Additionally, u is a function which can be written explicitly as u(x, t), which can represent both
the proportion of speakers who use a specific linguistic pattern, meaning it takes both time, t, and
space x, as its arguments, instead of just time as seen in the previous chapter’s systems of ODEs. As
such, an obvious observation is that:
u(x,t) € [0,1] (104)

Furthermore, D refers to the coefficient of diffusion. This is a measure to quantity spatial smoothing
in the system of linguistic variables. In other words, the value of D within this model determines the
extent to which a linguistic variable will spread across a population space [10]. Should D be large,
it can be considered that a linguistic pattern will exhibit more rapid spatial smoothing, meaning
that linguistic differences between regions will dissipate more quickly. Conversely, should D be
small, then it means features attributed to certain regions will persist for a longer period of time.
Additionally, it should be considered that this model possesses a spatial diffusion term which can be
represented by the Laplacian operator, A. This is a differential operator, which is defined as the sum
of all unmixed, second-order partial derivatives relevant to the spatial dimension of this model. In
general, provided that there are i of such dimensions, consequently representing a co-ordinate frame
in the form of (x1, x2...xy), the Laplacian operator can be mathematically formulated as:

1
Ay = — (105)
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Various techniques can be employed in order to analyse this PDE model. These include:

Non-Dimensionalisation of the PDE Model:

Non-dimensionalisation entails introducing appropriately scaled parameters in order to trans-
forms the time and space parameters, t and x, and consequently remove extraneous physical param-
eters. The objective of this method is to maintain the essential structure of the PDE, whilst making
it easier to analyse how u would evolve [10]. This is because, it removes redundant units which are
a consequence of these removed variables, making it much easier to make observations about the
intrinsic dynamics of the model. This is because, should they still be present, many different models
would be necessary, in order to analyse how they would change the development of u as they vary.
Additionally, the method of non-dimensionalisation can be carried out as follows:

1. Firstly, the relevant parameters (time, t, and distance, x) can be parametrised as the following;:

T =ft
(106)
.

Essentially, this entails constructing the following transformations relative to the spatial and time
dimensions:

¢ 7 indicates that time has been increased by a factor of f.
e yindicates that space has been scaled by a factor of D.

2. As aresult of these transformations, a partial derivative relevant to time can be constructed. In
order to do this, it is firstly required that % is evaluated in terms of the partial derivative of u with
respect to 7. This can be done considering the following;:

Ju Jdu ot u
== (107)

3. Consequently, substituting[107]into the original PDE in it can be determined that:

Jdu D d%u
a_"[ = 1/[(1 - M)(ZM - 1) + Ew (108)
4. Writing ‘327‘2‘ in terms of giyg‘ entails using a similar method to that applied above for [107, and
will yield:
Pu B J*u
22 " Dap (109)
5. Finally, substituting in this newly determined value for %, it can be concluded that:
J 2
% = u(l—uw)Qu—1) + 3—;2‘ (110)

Hence, the result in[110|shows that the PDE has completely dropped the parameters  and D.

Steady State Analysis:

Steady states prove to be highly useful when considering the dynamics of a PDE model, because
they represent points in time at which u; = 0, in other words, configurations at which the frequency of
a linguistic pattern remains stagnant as time progresses. As a result, the tendencies which the system
exhibits around neighbourhoods in the vicinity of these points can be analysed [9]. Therefore, several
observations to be made about the dynamics of u, which are either similar to, or extending on those
which were made about systems in the previous chapter.

1. Firstly, spatially homogeneous steady states can be determined through setting 327”2’ = 0 from

which in turn yields the equation:
u(l-uw)Ru-1)=0 (111)
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2. Additionally, spatially varying steady states must also be considered. These are states for
which ‘327‘2‘ # 0, meaning that:

*u

u(l—uw)u—-1) + (9_y2 =0 (112)

They will prove to be significantly more difficult to determine a solution to than their homogeneous
equivalents. However, the method which will be adopted in this dissertation is one which makes
use of principles from Mechanics and Dynamics. Firstly, [112| can be set-up as an analogue to a
mechanical system through use of the following equation:

d*u av

This is an interpretation of the relationship between acceleration, %,
v [11].

3. As a result of the fact that[T10]is a non-dimensionalised system, and the formula for a spatially
varying steady state was derived from it, D can invariably be set as 1. Consequently, [113|allows it be

be noted that the analogue to the above equation in the context of is the following;:

and the gradient of potential

d*u av
W =Uyy = —E (114)
4. In turn, this yields the relationship that:
L;—Z =u(l-u)Qu-1) (115)

5. Consequently, the following equation can be solved for V(u) using separation of variables,
which was a process seen in the first section of the previous chapter. The result after implementing
this method is:

1 1
V(u) = §u4 -+ Euz +C (116)

where C refers to the constant of integration.

6. Moreover, multiplying both sides of (110|by u, (also denoted as Z—;), and considering the results

that:

1d
Uyllyy = E@((uy)z) (117)
and: AV odu  dv
u
& dy  dy (19

As a result of this, it can be concluded that varying steady states of the PDE stated in satisfy the

equation:

d
o (3007 +V)=0 (119)

7. Finally, using basic principles of integration, it can also be determined that:
1
E(uy)2 +V=E (120)

where E is another constant of integration. In a mechanical system analogue, this corresponds to
the standard notion of the conservation of energy. This is because u, relates to the velocity of the
imaginary particle, as it is the derivative of the position, u(y) over time. As a result the first term
on the left hand side of [120]is the kinetic energy of the particle. Additionally, V(1) is defined as the
potential energy. Therefore, the quantity E in the above solution to the steady-state ODE for
represents the total energy of a theoretical particle, which remains conserved along all trajectories of
u. E is consequently to be referred to as the energy level. Because of this, the quantity (u,)? + V
constitutes the first integral of the steady-state ODE. Because of this equation, the value of C in[I16|
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can be set to 0, and removed, without any loss of generality. This is because of the fact that adding
an arbitrary constant onto V(1) will only cause the energy level to be shifted, and will not change the
fundamental statement in Finally, this means that several observations can be made about the
spatial profile, u(y), which will be based around comparing the value of the potential energy V(u) to
the energy level, E:

e As a result of the value of d—z, the equilibria of the potential energy, are to be confirmed as
u = 0,1 and 1. Additionally, their corresponding characteristics can also be determined. This is
shown as:

- u(y) = 0,1: These are minimum points of V(u), which will be collectively referred to as
u~which indicates that a potential well is exhibited at this point. These correspond to
stable steady states of u(y), because the potential will naturally curve upwards away from
these points, meaning that a trajectory converges to them.

- u(y) = %: This is a maximum point of V(u), which is to be referred to as u*, and indicates
that it is a potential hill. This corresponds to an unstable steady state of u(y), from which
trajectories will naturally depart, due to the potential curving downwards.

e Consequently, three different situations can be taken into account, where the potential and total
energy will be compared. The following graph will be of significant aid in visualising how
the imaginary particle will evolve in the PDE system based on the relationship between the
potential and total energy:

Potential for the Mechanical System Analogy of the Replicator-Diffusion PDE
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u

Figure 4: Potential Energy for the Mechanical System Analogue in a Replicator-Diffusion PDE with 1 spatial dimension

— E = V(u™): At these points, the particle will sit within potential wells. This indicates that
it has not yet moved, meaning that its kinetic energy will be 0. Consequently, it can be
observed that # = 0 and u = 1 are both constant steady states of the replicator-diffusion
equation.

- V(™) < E < V(u*): In this situation, this indicates that the particle is located at some point
between the potential well and hill. This means that, due to now having kinetic energy,
however an insufficient amount to climb over the hill at u = %, it will move back and forth
between two points. This indicates that the spatial profile u(y) will oscillate periodically
between two values, meaning that a periodic orbit is formed in the dynamical system.

- E = V(u*): As aresult of this fact, the particle will have enough energy to achieve the
hill u = 3. This means that it could possibly progress from one well to another, forming
a heteroclinic orbit, or start and end at the same well, forming a homoclinic orbit. As a
result of this, such a situation can correspond to a front, which will be considered in more
detail in the next means of analysing the PDE.
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Wave Analysis:

Wave analysis investigates how the linguistic system changes in the spatial dimension by using
a travelling wave solution to the replicator-diffusion PDE [10]. These solutions are developed by
redefining the function u(y, 7), using a travelling wave profile, U, which is viewed in a moving co-
ordinate frame, z. As a result, they describe how a linguistic variable spreads through a population
in the shape of a propagating wave front. This means that the development of the solution to the
replicator-diffusion PDE is no longer analysed as a function which changes in time, but rather as a
wave which propagates through space with a fixed shape. Primarily, this allows for observations to
be made about how the system transitions between two spatially homogeneous steady states (which
were evaluated earlier through steady state analysis, and are the equilibria of the system, because
they do not change relative to either time or space). This makes the connections between these
configurations significantly clearer, and can be achieved from the application of various principles of
Non-Linear Dynamics to a set of ODEs, as was done in the last chapter.

1. Firstly, in order to implement an analysis of how structures in a replicator-diffusion system will
propagate, an Ansatz is required. This is achieved by implementing a further substitution to
which will assume the form of a travelling wave, such as:

u(y,7) = U(z) (121)

which possesses the co-ordinate frame z = y — ct, where c refers to the speed at which the wave
propagates. This function U(z) is, as stated above, to be defined as a propagating wave profile. This
will be beneficial to compute, because when the replicator-diffusion PDE is transformed such that it
is in terms of U, the solution to the now ODE will contain detailed information about the shape of
the wave front. Additionally, the interface is also useful to take into consideration. When, as in this
case, a planar wave front, in which the interface is a constant line, is to be considered, this notion can
be defined as some level set within the front [12], mathematically formulated as:

lyeR|u(y,7)=Uz) =al (122)

for some « in between the equilibria. Consequently, it forms a precise geometric marker, which can
be used to determine where in physical space, y, the propagating front will be, relative to a specific
time, 7.

As a result of doing so, the PDE in can be reconstructed as a dynamical system of 2 ODEs
which can be analysed using techniques elucidated in the previous chapter [8].

2. Additionally, because of this transformation to a newly-defined co-ordinate frame, and the use
of standard differentiation techniques such as the chain rule [10], it can be determined that:

du ,

5= —cU'(2)

2, (123)
55 =U")

y?

3. Subsequently, the results in[123|can be substituted into the non-dimensionalised reaction—diffusion
equation in[T10|[10], enabling it to be concluded that:

U’ +cl’ + U1 - U)RU-1) = 0 (124)

4. Consequently, through implementing both this transformation and the substitution U’ = V, a
set of 2 ODEs can be evaluated in order to enable a clearer analysis of the dynamics of [8]. These
equations are as follows:

u=v
Vi=-cV-Ul-URuU-1)

5. Consequently, the analysis of the quantitative behaviour for the dynamical system in is
similar to that of A%. For example, the Jacobian of the system can be evaluated as follows, using the
formula derived in the previous chapter [9]:

(125)

0 1
J=l6w2 - 6u+1 —c) (126)
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6. Additionally, it can be determined that the equilibria which will be considered for this Jacobian
will correspond to the spatially homogeneous steady states of the replicator-diffusion equation in[T10]
[10]. This is because of the fact that the transformation u(y, 7) = U(z) means that the wave profile will
be constant in space and time. This implies that for this travelling wave analogue, U’ = V = 0. As a
result of this fact, whilst also taking into account the representation of V” in it can be concluded
that the fixed points of the ODE (represented generally as (U*, V")) occur at (0,0), (%,O) and (1,0).
Because of this, for the interface of the dynamical system in it can be concluded that 0 < a < 1.

7. As a result of this fact, a set of Jacobians can be computed for each of the above equilibria [9].

This yields:
0 1) (0 1) (0 1
o= - 6 ) 2

8. Consequently, the corresponding set of eigenvalues for these Jacobians can also be shown [9]:

—c+Ve2+4 —cx V2 -2 —c+ Vc2+4} (128)
2 ! 2 ! 2

=

A(U*,V*) = {

9. Consequently, taking into account the fact that ¢ > 0 because it depicts the wave speed [10], the
following notions can be observed from the set in[I28

o A = #: This indicates the existence of a saddle point, as a result of the fact that one
eigenvalue will always be less than 0, and one always exceeding it (? ). This indicates the
existence of a stable manifold, into which trajectories will flow, and an unstable one, which they

will leave.
o A = % V2. In this situation, there are three different possible classifications which can be

given to the trajectories relative to the equilibria, depending on the value of ¢ (? ). These are:

- 0 < ¢ < V2: This indicates the existence of a stable spiral, as a result of the fact that both
eigenvalues will be complex numbers (A, € C), and that they both possess a negative real
part Re(A12) < 0. These indicate that the trajectories possess oscillatory behaviour, and
that they all flow into the equilibria as time evolves.

— ¢ = V2: This indicates the existence of a stable degenerate node, as a result of the fact that
there is only a repeated, real eigenvalue (A € R), which is less than 0. This indicates that
the trajectories now possess only one eigenvector direction, and approach the equilibrium
tangentially on this line.

— ¢ > V2: This indicates the existence of a stable node, as a result of the fact that both eigen-
values will be both real and negative. This indicates that all trajectories will monotonically
flow into it as time evolves.

As aresult of these observations, several conclusions about the manner in which linguistic patterns
will evolve in the population space over time can be made [8]. These include:

e The equilibrium (3, 0) is always stable in the travelling wave system, but its actual characteristics
depend on the value of c. As a result, it will act as an intermediate linguistic configuration in
the moving co-ordinate frame, and possess either oscillatory (stable spiral) or monotone (stable
node and degenerate node) convergence.

e Because of the fact that (3, 0) will always be stable in some form, this suggests that there cannot
be any heteroclinic orbit which connects it with another steady state [8]. This is because in order
for such an orbit to exist, there must be an unstable manifold, so that travelling wave trajectories
diverge away from the equilibrium in their a-limit, which clearly cannot possibly occur if all
trajectories converge.

e However, it can be determined that there is a front between (0, 0) and (1, 0). Thisis first suggested
due to the fact that both equilibria are saddles, meaning they will have both an unstable and
stable manifold, as would be necessary for an orbit [8]. Additionally, should it be considered
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that ¢ = 0, the system in has been proven as being symmetric in the reflection U — 1 - U
and bistable (at both U = 0 and U = 1) in the previous chapter. Combining both of these
observations, it can be concluded that there is a stationary heteroclinic orbit, corresponding to
a stationary wave front which links the two spatially homogeneous steady states of the original
replicator-diffusion equation. Moreover, it can be concluded that this stationary wave front is
represented by a sigmoidal profile, specifically relating to a tanh-function, as follows:

Travelling Wave Profile for the Replicator-Diffusion PDE

1.0 1

0.8 1

0.6 4

uz)

0.4 1

0.2 1

0.0 1

T T T
—-20 -15 -10 -3 0 3 10 15 20
Figure 5: Stationary Wave Front for the equation in

This supports the above observations about the wave front, because:

- A tanh function smoothly converges to the configurations (0, 0) and (1, 0), maintaining the
observation of bistability in the system.

— If the profile U(z) is a tanh function, it will also be symmetric under the mapping U + 1-U.

Method of Lines:

Difficulties inevitably arise when trying to determine an analytical solution to the PDE in [I10}
in particular for higher spatial dimensions [10]. Consequently, the Method of Lines is commonly
implemented, in order to discretise the second partial derivative, 227’5, whilst leaving g—z continuous.
This makes the PDE far easier to solve via numerical methods. The specific form which the discretised
version of giylz’ is determined from the Taylor series, as follows [10]:

1. Initially, it can be defined that, through discretising space, the function u(y, 7) is redefined as a
vector at N different points in space. Using this fact the i" element of this vector can be defined as
the following:

ui(t) = u(yi, ) (129)
where:

yi:y0+iAy,{i€1N:i§N},Ay:% (130)

2. Additionally, using some appropriate approximations of a Taylor Series expansion, the follow-
ing can be determined [10]:
Ay? 3
uyi + Ay) = ulyi) + Ayuy(yi) + ——1yy(yi) + OAYY)
2

A (131)
u(y; — Ay) = u(y) — Ayuy(y;) + Tyuyy(xi) + O(AP)

3. Furthermore, summing these together, and implementing a suitable quadratic approximation
of the collective Taylor expansions for these two values of the function u at different spatial positions,
it can be determined that [10]:

u(yi + Ay) + u(y; — Ay) = 2u(y;) + AyPuy,(vi) (132)
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From which it follows that:

u(y; + Ay, t) = 2u(y;, v) + u(y; — Ay, 7)
(Ay)?

4. Finally, substituting this discretisation into the original PDE stated above and writing u in a
non-explicit form, it is determined that, for 2 linguistic variables, an appropriate discretisation of the
PDE depicting how linguistic variables evolve is a set of ODEs which is articulated mathematically
as follows [10]:

uyy(yi, T) = (133)

dul',]'
dt

Ui—1 = 2Uj + Uiy
(Ayy?

5. Consequently, using this discretised version of the non-dimensionalised equation in the
method of lines will enable the solution to be visually represented in terms of its evolution over both
time and space [10]. However, in order to do so, an initial vector of spatial values, u(0), is necessary,
such that:

= ui,j(l - ui,j)(Zu,;j -1+ ( ), {ieIN:i<Nj} (134)

u(0) = (u1(0), u2(0), u3(0) ... . un(0)) (135)

From this initial condition, a discrete solution profile can be determined at a particular point in
time, 7, in order to approximate the solution, u(y, 7), to the original PDE. This is denoted as:

u(t) = (u1(7), ua(1), u3(7) . .. un (7)) (136)

This can then be represented on a spatial grid in order to determine how the ODE system in[134]
will evolve relative to both dimensions [10]. For example, the following set of subplots depicted the
evolution of this replicator-diffusion PDE with only 1 spatial dimension:

Evolution of ulx, t) over step increments
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Figure 6: Subplots for the evolution of the discretisation of the Replicator-Diffusion PDE with 1-spatial dimension in

These subplots were produced by considering an initial condition which began at the unstable
fixed point u = 1, before a slight perturbation was added to this configuration by considering a
multiple of a periodic function. Specifically, this function was:

u(0) = % + esin(znTy) (137)

Additionally, the following observations, supported by the analysis conducted in the previous sec-
tions, can be made from it:

o After being perturbed from the unstable configuration at u = 3, the solution proceeds to exhibit
increasingly significant spatial oscillations, eventually converging between 1 = 0.2 and u = 0.8.
This is a common feature of bistable dynamical models, and reflects the presence of both the
conformity, u(1 — u)(2u — 1) and diffusion term, Au.

e Eventually, these oscillations lose amplitude, causing the profile to flatten. This is initially
exhibited in the interval 108 < n < 124, and is consistent with spatial smoothing, where the
Laplacian dominates as time progresses.

e Eventually, by n = 140, it can be concluded that the system is converging to the equilibria
u = 0. This indicates that a diffusion-driven homogenisation has occurred, in which the spatial
smoothing term has caused to system to stabilise to a spatially homogeneous steady state.
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3.2 Analysing the PDE for 2 Spatial Dimensions

Additionally, the notions elucidated in the above section can possibly be further expanded on by
attempting to model the 2-strategy system expressed in the previous chapter, should these linguistic
patterns now diffuse within 2 different spatial dimensions, x and y. As a result, the replicator-diffusion
equation in[I03|could be formulated as the following [10,3]:

ou Pu
E = ‘BM(]. - u)(2u - 1) +D (ﬁ + a—yz) (138)
Additionally, due to the fact that the spatial diffusion term in[13§]is a Laplacian operator, the equation

can be rewritten as [10]:

J

a—Lt‘ = Bu(l - u)2u — 1) + DAu (139)
As a result of which, a similar set of analysis can be conducted on this equation in order to determine
how trajectories will evolve over time [10,9]. This includes:

Non-Dimensionalisation of the PDE Model:
A non-dimensionalised form of the replicator-diffusion equation in can be computed by the
same process used in the previous chapter for a PDE with 1 spatial dimension [10]. This is as follows:
1. Firstly, the relevant parameters (time, ¢, and both spatial dimensions, x and y) must take certain
parametrisations:
T=pt

A=IND (140)

2. As aresult, using a similar method to that in[107and and considering the notation initially
employed in the steady state analysis of the previous section, it can be determined that [10]:

Ju

a7 =P

Pu B

52 - phan (141)
Pu B

3. Additionally, substituting these values into it can be evaluated that a non-dimensionalised
form of this equation is [10]:

du d*u  d*u
—=ul-u)Qu-1)+|—+— 142
= u(l - w)u )+(dz%+dz§] (142)
Moreover, if the spatial diffusion term in|142|was considered in light of the Laplacian operator in

the above equation can be mathematically formulated as [10]:

d
o= = u(l - u)(2u — 1)+ Acu (143)
Steady State Analysis:
1. Firstly, computing the spatially homogenous steady states is achieved using the same process
as in the last chapter, and entails letting ‘;—ZT’ and A; be equal to 0. As a result, the following equation
for these configurations can be determined [9]:

u(l-uw)Ru-1)=0 (144)
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which is the exact same as the previous section. Hence, the equilibria for a PDE with 2 spatial variables
is the same as for only 1.

2. In order to determine the spatially varying steady states for the replicator-diffusion model
with 2 spatial dimensions, the variable u(z1, z) in must be transformed, prior to implementing a
similar process to that seen in the previous chapter [11]:

u(z1,z2) = U(e) (145)

where € = z1 cos(0) + z; sin(6).
3. As a result of this, it can be concluded that [10]:

Uz,z, = cos*(O)U" ()

' . (146)
Uzyzy = sin?(6)U” (€)
meaning that, using standard results from trigonometry, it can be determined that:
Uzyzy + Uzyz, = (cOS%(0) + sin?(0))U” (e) = U (€) (147)

4. Subsequently, through extending the result in [114]in order to account for 2 spatial dimensions,
it can be determined that [11]:
d*u av

UO= Gz =

5. Consequently, implementing similar steps to those elucidated in the above chapter, whilst
additionally considering the fact that [11]:

(148)

117 _ 1£ 7\2
uru” = 5 (UY) (149)
and: v odu v
U de T de (150)
yields the following;:
%((u')z) +V=E (151)

6. As a result, it can be determined that the steady state solution for the replicator-diffusion
equation in 2 spatial dimensions is the same as that achieved for 1 [11]. Moreover, the spatially
homogenous steady states (and consequently the equilibria of the system) are also the same. This
means that the previous section can be referred to for an analysis the qualitative behaviour of the
system for this mechanical system analogue, and how it develops relative to the potential, V(U) and
total energy, E.

Wave Analysis:

1. Firstly, in order to conduct a wave analysis for a non-dimensionalised PDE with 2 spatial
variables, a different moving co-ordinate frame, to be denoted &, is needed, which the wave profile,
U, will be expressed in terms of. This change of variables enables a transformation of the equation in
138| such that a dynamical system of ODEs can be analysed, using methods similar to the previous
section [10,8]. This is achieved by setting the travelling wave solution as:

u(z1,z,t) = U() (152)

where & = z1 cos(0) + z; sin(6) — ct.
2. Consequently, the following derivatives can be evaluated [10]:

du ,

e —cu'(é)
Zu 2 17

7% = cos (O)U" (&) (153)
2u

— = sin*(0)U” ()
%
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3. As a result of which, substituting these expressions into[138]yields [8]:
u’+c’+Ul-uuUu-1)=0 (154)
which corresponds to the following system of ODEs (? ):

w=v (155)

Vi==cV-Ul-uRu-1)

4. Asaresult, the travelling wave solution applied for the replicator-diffusion equation in 2 spatial

dimensions is the same as that for the PDE in the above section [10]. Given the fact that it has also

been determined that the equilibria of the system are the same, the previous section can be referred
to for an analysis of the system, such as how the front develops [8].

Method of Lines:

Furthermore, the method of lines can also be implemented in order to attain a discretised version
of the non-dimensionalised PDE. As a result of this, it will become significantly easier to solve for
reasons elucidated in the previous chapter [10]. This can be implemented as follows:

1. Firstly, because of there being 2 spatial dimensions in z; and z;, the equation must be di-
mensionalised as a matrix, instead of a vector, which possesses elements relative to an it row and
jth column. As a result of which, this PDE must be discretised on a grid (N7 X N3), on which each
element corresponds to the point (i, j). Mathematically, it can be said that the function u(z1,z2, 7) can
be redefined as the following:

ui,j(T) = u(z1,i, 22,4, T) (156)
where: o
z1i=z10+iAzy, (i€ N:i <Ny}, Azy = —1'NN 10 (157)
1
and: . .
. . . 2N = 22,0
Zpj =200+ jAzo, {JEN:j<No}, Azp = N (158)

2. In order to implement this method, % will remain continuous, whereas both spatial dimensions,

‘;272’ and % will be discretised. These discretised versions are to be attained as follows [10]:
1 2
%u u(z1 + Az, 7) — 2u(z1) + u(z1 — Azq, 7)
= (21,i,7) = >
Jz; (Azq) (159
2%u (22:,7) = u(zo + Azp, ) — 2u(zp) + u(zo — Az, 7)
923 2 (Az;)?

3. Consequently, substituting these values into the non-dimensionalised reactor-diffusion equa-

tion in yields [10]:

uip1,j(T) — 214 j(T) + ui—1,;(7) . i j1(7) — 204 j(T) + u;,j-1(7)
(Az1)? (Azp)?

dui,‘
- = Mi,]'(l - uz-,]-)(Zui,]- - 1) + ( (160)

dt
Consequently, from the discretised system of ODEs obtained from the original PDE in for 2
spatial dimensions, the following Heatmap can be constructed in order to represent a linguistic front
to depict how the reactor-diffusion equation evolves in a space-time domain [10]. Similar observations
to those of the subplots in the previous chapter, can be made from the qualitative behaviour of the
following Heatmaps, whose initial condition represents a perturbation by a multiple of a periodic
function in terms of z; and z; in the form:

1 2 4
u(0) = 5 + €1 sin( Z:l ) + € cos( ij) (161)

which is shown below:
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Evolution of u(x, y, t) over step increments
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Figure 7: Subplots for the evolution of the discretisation of the Replicator-Diffusion PDE with 2-spatial dimensions in

Hence, the following observations about the behaviour of p(r) can be made:

e This plot exhibits several positive and negative lobes, which it repeatedly oscillates between.
This is reflective of the periodic spatial structure of the Heatmap subplots shown previously,
which progressed between regions of high and low u.

e This suggests a coherent pattern with a finite correlation length.

3.3 Analysing curvature and correlation of the isoglosses

Additionally, based on the figure obtained at the end of the above section, a further means of analysing
the behaviour of the original PDE system can be determined. This is through analysing the isoglosses
of the Heatmap. An isogloss is defined as a curve in the space-time Heatmap, along which the
solution corresponding to each linguistic variable obtains a fixed value [12]. Additionally, an isogloss
can also be thought of as a threshold curve which separates a region in which one linguistic pattern
is locally dominant over the other from one where another prevails. As a result of this, the curvature,
«, of such a curve is therefore informative when considering the dynamics of the Heatmap [12]. This
is because information about the speed and stability at which linguistic states exhibited in adjacent
regions will transition can be determined along a linguistic front such as the isogloss. For example,
curvature close to 0 will indicate that the interface propagates at an almost constant speed, positive
curvature will indicate a decline in the propagation speed, and negative curvature entails an increase
in its speed. This can be determined using a fundamental result for the velocity at which waves will
propagate along an interface such as the isogloss, which is expressed below [12]:

Vi=c—x (162)

where V,, refers to the normal velocity of the propagations at the linguistic front, whilst c and «
assume the same roles as they did in the above section and explanation respectively.
Furthermore, a general expression for the curvature of an isogloss can be computed as follows:
1. Firstly, a mathematical representation of the threshold curve which would constitute an isogloss
of the PDE can be given as [12]:

[(7) = {(z1,22) : u(z1,22,7) = k} (163)

Additionally, for this system {k € R : 0 < k < 1}. Moreover, through an analysis of the spatially
homogenous steady states of the PDE, as was done in the previous section, it can be determined that
k = 1 is a particularly meaningful isogloss to consider in terms of its curvature. This is because of
the fact that, whilst being influenced by spatial diffusion, the reaction term indicates that u = 1 is
considered an unstable steady state, which marks the boundary between two stable states on either
side of it (causing values on either side of it to tend towards u = 0 and u = 1 respectively) [9].

2. Additionally, as a result of the level set determined for the isogloss in[163] an expression for the
gradient function, Vi, can be concluded. This can be achieved by considering a general expression

for the gradient function for n-spatial variables:

ou ou
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This will consequently allow for a mathematical articulation of the case currently being analysed, in

which there are 2: 5 9
u Jdu
Vi = (a—z1 3—22) (165)

This depicts how u(z1, z2, ) will evolve with respect to both spatial dimensions [10].

3. Moreover, provided that Vu lies on a level curve such as an isogloss, it can always be determined
asits normal vector. This is because it is able to be proven that the gradient vector is always orthogonal
to the tangent vector of the level curve, denoted as v(s) [12]. This can be proven as follows:

1. Firstly, consider a general parametrised curve, r(s) = (z1(s),z2(s)). This indicates that u(r(s), 1)
lies entirely on a level set in[163]

2. As a result, it can be determined that:

u(r(s), ) =k (166)

3. Consequently, employing standard differentiation results, after differentiating both sides with
respect to s, as follows:

d d
%(M(V(S), 7)) = %(k) (167)
it can be evaluated that: i d
u dr
R 0 (168)

4. From the equation in it can be determined that a particular part of this expression corre-
sponds to both the gradient function and the tangent vector. These are:

ili—u =Vu

r (169)
T = o)
ds

5. Concluding the result in [169] it can be determined that the scalar product of the gradient
function and the tangent vector is 0. This directly indicates that they are orthogonal to one
another. Additionally, because the tangent vector will always indicate the direction of the level
curve, this must imply that the gradient function will always be normal to it [12].

4. As a result of having determined that the gradient vector, Vu, proceeds in an orthogonal
direction to the isogloss, it must be normalised in order to evaluate the curvature of this interface.
This indicates that it must be re-scaled, such that it has unit length (meaning that its magnitude is 1),
whilst maintaining its direction [12]. This can be done as:

Vu
(V|

Vi = (170)
5. Finally, using a standard formula, the curvature of the level set such that u = % can be concluded

as the following [12]:
k=V-Vu (171)

where the first V refers to the divergence, which is used to measure the overall rate at which a vector
field will spread out or contract from a point [10].

Moreover, due to having been able to observe various meaningful attributes based on the curvature
of the isogloss, a possible further point to consider is the correlation. This is a tool used to capture the
extent to which the solution to the PDE in[I38|remains similar at two different points as the distance
between them, to be denoted as r, varies. This will yield a value between 0 and 1, which can be used to
conclude the extent to which a linguistic variable possesses influence in the space-time domain [11].
A means of measuring correlation is the normalised correlation function, which is to be denoted as
p(r), and can be derived as follows:

1. Firstly, define the vector z = (z1,22), and define r, the distance between them, as a further
vector (r1,72). Subsequently, the main problem which must be determined can be formulated as the
following;:
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'Determine the extent to which the system solution at z is similar to the system solution at z + 1’

2. Additionally, this can be thought of as a covariance between the two states. Hence, an equation
can be developed, from the standard statistics result for covariance, given two random variables,
denoted X and Y [5]:

Cov(X,Y) = E(XY) — E(X)E(Y) (172)

where E(X) indicates the expected value for each of the random variables.
3. Consequently, extending this concept to evaluate the correlation in the continuous space-time
domain of a Heatmap, the linear product is required [11]:

1
(u(z))zﬁffgu(z)dz (173)

As a result of this, it entails taking the value of u at every point z € Q C RR?, before finding their
average, by integrating them, and dividing them all by their measure. This is directly analogous to
the discrete situation, in which all values would be summed up before being divided by the amount
of them.

4. Additionally, in order to easily calculate the linear product (u(z)u(z + r)), it can be assumed that
the boundaries of the system domain are periodic [11]. This indicates that, there will be a boundary
present for the spatial domain, z = L € R%. This boundary is formed such that, for a certain point
z € Q, if z + r eventually crosses this boundary to the right, it will appear once again from the left.
Mathematically this can be stated as:

u(z+1L) =u(z)

(174)
z€Q = z+reQ(modlL)

As a result of the fact that z + r € () as a spatial value, it can be mathematically formulated that:

w@u(z +r) = é ff(z u(z)u(z + r)dz (175)

5. Considering the standard formula for covariance in[I72 the unnormalised correlation function
C(r) can be concluded as being equal to [11]:

C(r) = (u@u(z + r)) — (u(2)) (u(z + 1)) (176)

6. As a result of the fact that the boundaries for this system were assumed to be periodic, it can be
proven, using an argument relying on standard integration results, that [11]:

(u(z)) = (uz +r)) (177)

7. Finally, considering both the results from [176|and it can be determined that a final result
for the correlation function with two spatial dimensions would be [11]:

C(r) = u@u(z + r)) — (u(z))? (178)

Moreover, a normalised form of the correlation function, C(r), which is to be denoted as p(r), will
be able to express the relationship between the system states at x and x + r as a value between 0 and
1. This provides a re-scaled measure of the coherence between points separated by r, and can be
expressed as [11]:

_ Cm
e

This ensures that p(r) is 1 only at r = 0, and that it will always remain less than 1, gradually decaying
towards 0. This is because of the fact that C(0), which can be shown to be the variance of the point
u(z), will always be greater than the correlation function for any other value of r. This is because
this function is a measurement of the coherence between two states in the system, and one state will
always be perfectly coherent with itself.

p(r) (179)
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Correlation Function vs Distance
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Figure 8: Correlation function vs Distance for the Replicator-Diffusion PDE with 2 spatial dimensions

Furthermore, based on the result for the normalised correlation function p(r) from [179} a plot can
be constructed in order to analyse the extent to which the coherence between two variables decays
relative to r. This is as follows: Moreover, a further manner to analyse the coherence of the system
relative to separation distances is the mean correlation length, also referred to as a mean separation
distance. The principle of this method is that the separation distance, 7, is treated as a random vari-
able, whose likelihood” is determined by the strength of the correlation between two certain points
that distance from one another. This concept is to be referred to as £. Moreover, because of how it
has been structured, computing a mean correlation length requires evaluating an expression for p(r).
This is achieved as follows:

1. Firstly, a mean correlation length is evaluated through considering the continuous formula for
a weighted mean. Hence, an expression for this notion will be able to be derived using the following
standard statistics result [5]:

(180)

This method was selected with the rationale that the the following key idea will naturally arise from
using it:

"Any distance r which enables a strong correlation should be more significant than those with a
weak correlation’

2. Consequently, the equation in is to be considered in a correlation-length context. This
means that the normalised correlation function, p(r), will provide the weights in order to connect
to the above reasoning of assigning r certain 'likelihoods” based on the coherence between 2 points
[11]. As a result, it can be determined that a weighted mean for the separation distances can be
mathematically formulated as:

_ f rp(r)ydr

= " 181
[ pr)dr (8]

Additionally, computing an approximation of this integral in Python, through use of standard tech-
niques such as the Trapezium rule, it can be determined that the weighted correlation length is
1.005 to 4 significant figures. This indicates that, on average, each region where a certain value of u
dominates is approximately 1 unit wide. This means that a distance, r, of approximately 1 unit can
be traversed before 2 domains are no longer similar to one another.
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4 The Stochastic Model

4.1 Analysing the Stochastic Model for 1 Time Dimension

Firstly, this chapter will consider extending the notions which were previously introduced, by
analysing the evolution of several linguistic variables relative to the Wright-Fisher diffusion model
(WFD model) [5]. In contrast to the dynamical systems above, it is no longer deterministic, but rather
stochastic. This means a mathematical framework has been applied, in which random flux, and
not just systematic forces, will accompany the development of linguistic patterns in a population
[13]. In order to determine some specific random forces, which are taken into account because of
stochasticity, please refer to the Introduction. The presence of this random fluctuation indicates that
there is significantly greater deviation in how a linguistic variable could evolve, in comparison to a
replicator model, where it will assume the same evolution, provided that the same initial condition
is implemented. As a result, a stochastic model gives a distribution of trajectories, which must be
analysed in order to determine the system dynamics [14].

In order to consider the Wright-Fisher diffusion model, it can first be noted that the general form
of a stochastic process, X;, with time, t, continuous, is typically formed as a Stochastic Differential
Equation (SDE) as follows [13]:

dXt = ‘Ll(Xt) dt + G(Xt) th (182)

In this equation, u(X;) represents the deterministic drift of the equation, which corresponds to the
conformity term of the equations which appeared in the previous chapters. Additionally, o(X;) rep-
resents the stochastic diffusion term, corresponding to the magnitude of random fluctuations within
the population. Finally, W; represents the Wiener process, and corresponds to the accumulation of
random noise. This process, indicative of Brownian motion, has 3 major attributes which need to be
known [13]:

e An initial condition for the Wiener process is set, such that Wy = 0.

e When implementing a time step, to be denoted A, it can be determined that the increments
made in the Wiener process will be normally distributed, with 0 mean and A variance:

Wita = Wi ~ N(0,A) (183)

¢ Disjoint increments of the Wiener process are independent:

Wi, — Wy, LL W, — W, (184)

Considering these observations, an SDE can be constructed in order to develop and analyse a
basic Wright-Fisher diffusion model, as follows:

1. Initially, a fundamental WFD model relative to the evolution of a linguistic variable over time
is obtained from defining the terms detailed above in the following manner [5]:

e X;istobe defined as the proportion of speakers in a population who employ a linguistic pattern.
Hence, X; € [0, 1].

e The drift term, u(X;), is defined as 0.
e The diffusion term g(X;) is defined as g 1/ X(1 — X}).

This results in the following:
dXt =0 \/Xt(l - Xt) th (185)

2. Additionally, one of the first objectives which can be implemented during this analysis will
be to determine a relationship between the discrete and continuous counterparts of the WFD model
relative to the coefficient o in This can be achieved by considering the following model formed
around a discrete version of the stochastic process X;, whilst also taking into account a probability
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distribution in order to represent N;, which relates to the amount of speakers in a population who
applied a certain linguistic pattern at time,  [5]:

(SXt =0 \/Xt(l - Xt) (5Wt (186)

In this discrete model, 5W; ~ N(0, 6t), which is considered to be the discrete equivalent of A, represen-
tative of the increment for every time step. Moreover, the probability of N, (the number of speakers
who use this pattern in the next generation) being a certain value can be thought of as modelled by
this Binomial distribution:

N;
Niy1 ~ BN, — 187
wi~B(N3) (187)

3. Moreover, it can be noted that the continuous stochastic process X; is approximated by the
discrete proportion %, in addition to being the fraction’s large-population limit. Because of this,
certain expected values and variances can be computed and compared in order to gain relationships
between the discrete and continuous versions of the SDE [5]. For example, one quantity which is to
be determined is [E;(N;;1 — N;). This indicates the mean value for increments in relative to time,
and can be evaluated as follows:

1. Firstly, it is to be considered that:
Ei(Ny) =0 (188)

because the number of speakers currently is considered a constant. As a result, using standard
Statistics results, it is determined that:

E¢(Nt+1 — Ni) = E¢(Nt41) — Ni (189)
2. Moreover, considering a fundamental result for the Binomial distribution, an expression for
[E(Nt;1) can be found:
Nt
E¢(Nt41) — Nt = (N'ﬁ)_Nt =N;—=N;=0 (190)

Additionally, another important quantity is the variance of the discrete time step in this model,
defined as V(N1 — N;). This can be computed as follows:

1. Firstly, because N; is considered a constant term, it does not affect the variance. This indicates:

Vi(Nt+1 = Np) = Vi(Npi1) (191)
2. Therefore, another standard result for the Binomial distribution must be applied:

ViNi) = N () (1- ) (192)

3. Finally, considering large N, it can be concluded that:
Vi(Nir1 — Np) = NXi(1 - Xy) (193)

4. As aresult of standard Statistics results, it can be concluded that:

Xi(1-Xy)

. (194)

1
Vi(Xi1 — Xi) = Nz ‘NXi(1-Xp) =

4. Consequently, considering the increments for discrete model in the expected value can be
determined in this manner:

1. Firstly, it can be confirmed that E;(X;,1 — X;) can be rewritten as follows:
Ex(Xert = Xp) = Ei(0X) = Ee (0 VX1 = X)) W) (195)
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2. As a result of the distribution for 0W;, it is indicated that:

E/(Xi1— X)) =0 (196)

6. Additionally, an expression for the variance relative to time for increments in [186{must also be
determined, and can be attained in the following manner:

1. Firstly, it can be confirmed that V(X;;1 — X;) can be rewritten as follows:
Vi(Xis1 = Xi) = Vi (0 VX1 = X)) 6Wi) (197)

2. As a consequence of the variance of 6W;, standard Statistics results, and recalling that X; is a
constant, it can be concluded that:

V(X1 = Xi) = 0°X(1 - X,)ot (198)

3. Finally, for this calculation, 6t is to be defined as 1, yielding:

Vi(Xir1 — Xp) = 02 Xi(1 = Xi) (199)

7. Finally, comparing the variances relative to time, f, for increments in both models analysed

above indicates that:
Xi(1-Xy)

o X(1 - Xp) = N

(200)

meaning that:

o= — (201)
VN
8. However, considering the notion of social heterogeneity, which was introduced as one of the
effects of stochasticity in the Introduction, N is able to change for an effective population size, N,.
Hence, the final result for a basic WFD model which can be considered is to be defined as [5]:

dXt = \/]]-Te \lXt(l - Xt) th (202)

However, in order to construct a stochastic model which is an appropriate development of that which
has been considered in the previous chapter, some complexity is added. This entails adding a drift
term to model conformity, which will be determined as equivalent to the ODE governing a 2-strategy
dynamical system [7,8], a mutation term [5], and the diffusion term which has been calculated in
above in order to form a replicator-mutation-diffusion SDE [14]. As a result, the following is
yielded:

dX; = ‘BXt(l - Xt)(ZXt - 1) dt +v (1 - 2Xt) dt + \/11\_1 \/Xt(l - Xt) dW; (203)

Consequently, like the replicator-diffusion PDEs seen in the previous chapter [10], there are several
techniques which can be used to analyse this model. These include:

Analysis of deterministic component: The SDE in[203]is affected by random forces (as represented
by the diffusion term, 0(X})), but its dynamics are still governed by an underlying deterministic com-
ponent [9]. This means that setting the drift, u(X;), to be 0 will identify the equilibria of the stochastic
model, which can subsequently be considered using techniques explained in the above chapters.
These equilibria correspond to regions of the state space where it is most probable that the system
will concentrate [15]. Hence, analysing the equilibria is even more beneficial for an SDE in compar-
ison to the dynamical systems above, due to enabling conclusions to be made about the long-term
directional tendencies of the model, around which random fluctuations will occur.
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1. Firstly, the drift term is set equal to 0:
u(X) =0 (204)
meaning that, for the equation in 203} the following can be evaluated after defining X; = x:
Bx(1-x)2x-=1)+v(2x-1) =1 -2x)(v—=px(1 —=x)) =0 (205)

2. Consequently, it can be determined that the internal equilibrium of this model satisfies the
equation:

1-2x=0 (206)

which means that x = 1.
3. Moreover, it can be concluded that the mutation-selection equilibrium is:

v =px(1-x) (207)

This can be arranged into a quadratic equation in x, and yields:

H+

(208)

NI =
Iy
=<

4. Hence, based on the results of 206|and 3 different cases can be determined, based on how
vand § vary [8,9]:

o V< ij: This situation corresponds to a weak mutation, and it yields the following equilibria:

— The internal equilibrium x = % Linearisation (computing u’(x)) and the fact that g > 0
show that this point is unstable.

- Two mutation-selection equilibria at x = 1 + /3 — %, both stable.

o v= g: This corresponds to critical mutation:
— The internal equilibrium x = %, which is non-hyperbolic.
o V> g: This corresponds to strong mutation:

- The internal equilibrium x = %, which is stable.

5. Consequently, for the deterministic skeleton which has been analysed, several observations can
be made [8]:

e The system initially has three different branches of equilibria, one unstable and two stable.

e These branches eventually converge on one internal equilibrium x = 7 at the bifurcation point,

_B
V—z.

e The system then progresses, admitting only one stable branch, x = 3.
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These observations point to the deterministic component of this model forming a supercritical pitch-
fork bifurcation, softened by the mutation term [9]. This can be visualised below:

Bifurcation with u(xs) = 0 (Supercritical Pitchfork)

10
0.8 - =1 1_v
X=ztyz B
0.6 - .
Xx=%
-
N syl
0.4
-1 _ 1 __ v
02{ X7 g
0.0
0.0 0.1 0.2 0.3 0.4 0.5

Mutation rate v

Figure 9: Bifurcation for the Replicator-Mutation-Diffusion PDE

Additionally, these equilibria can also be determined as the regions where the system is most
likely to concentrate. This can be achieved as follows:

1. Firstly, consider the 1-dimensional Fokker-Planck equation, which describes the evolution of
the probability density, p(x, t), associated with an SDE over time, t [15]:

dp(x, 1)

= (@ ()px, 1) (209)

d 1 02
= —a(H(X)P(x/ t) + 2022

2. Subsequently, consider a stationary distribution, 7(x), which occurs when the SDE reaches an
equilibrium:

ap(x, t) B
ETa 0 (210)
meaning: ) - 2
—E(M(X)H(X)) + 5%(0 ()mt(x)) =0 (211)

3. After solving the following relation is yielded [15]:

Y2y 4
Rl (212)

e

Finally, the equation in indicates that the following observations can be made about the
behaviour of the stationary distribution whilst trajectories, X;, are near to each type of equilibrium
[16]:

e Stable equilibrium: Trajectories converge to them; m(x) peaks.
e Unstable equilibrium: Trajectories diverge; 7(x) forms valleys.

e Non-hyperbolic equilibrium: Drift is flat; noise dominates; m(x) forms a transition region
between probabilistic basins.
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Euler-Maruyama method: The Euler-Maruyama stepping formula provides a discrete approxi-
mation to the SDE in [17]. In order to model the drift and diffusion terms in this equation for a
general SDE the method will alter each component as follows:

e The deterministic component will be changed to:
p(Xe)At (213)
where At = bﬁ” for N increments.

e The stochastic component will be changed to:
o(Xy) VAL Z, (214)

where Z; ~ N(0, 1), consistent with [183]

Thus, a discrete approximation for[203|can be constructed as:

AXp1 = (BXn(1 - Xin)(2X, = 1) + [J(l —2Xy))At +

\/;_] VX1 = Xp)At Z; (215)

As a result of this, the following plot can be constructed, depicting several possible trajectories, X;,
which could be exhibited through implementation of the Euler-Maruyama method, as well as the
average distribution of all these realisations of a stochastic process:

Euler-Maruyama Simulation for Replicator-Mutation-Diffusion Equation

0.55 4 — Average trajectory of the system

Time (t)

Figure 10: Trajectories of the Euler-Maruyama Method for a Replicator-Mutation-Diffusion PDE

Consequently, some observations can be made about the evolution of the the discretised SDE in

as follows:

e Firstly, probabilistic trajectories fluctuate randomly, indicating the effect of random forces in-
curred due to the Wright-Fisher term included in the model.

e However, the ensemble mean depicted in red remains at a constant value of approximately
0.3. This is because it will reflect the deterministic equilibrium, ignoring random noise, because
of a feature of an expected value. Due to the fact that the mean consistently remains near
equilibrium, this indicates that the system is stochastically stable, and the drift term, u(X;), will
result in it contracting back to the steady state, instead of the random fluctuations causing the
system to diverge away.
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5 Conclusion

As a result of the research implemented in the above chapters, the following conclusions can be
drawn:
1. Firstly, for The Replicator ODEs, it can be determined that:

e The system can be collapsed into a single ODE in terms of the linguistic variable x1, whilst still
retaining its general dynamical structure. This is because this model is a 1-simplex, denoted
asA! [8]. Additionally, several configurations, called equilibria, at which the system remained
stationary are present. These were (x; = 1,x; = 0) and (x; = 0, x2 = 1), referred to as pure steady
states, and (x1 = %, Xy = %), a mixed steady state. The pure states were shown to be stable, and
the mixed state was unstable [7]. Moreover, the equation has 2 heteroclinic branches, which
originate from the unstable manifold of x; = % and tend towards a stable manifold of either
x1 = 0 or x; = 1. This indicates that, as time develops, the system naturally converges to a
configuration where one linguistic variable dominates over the other, and there is a front-like
region connecting the mixed and pure [8].

e For a general n-strategy replicator equation, it was determined that the system trajectories are
within a manifold depicted as n — 1-simplex, A1 [8]. However, this entails that there will be
various k-dimensional subsystems (such that 0 < k < n—1) which are embedded into this space.
These include:

— 0- faces such as the vertices. These produce pure steady states.
— 1-faces such as the edges. For a 3-strategy ODE system, these are invariant.

- 2-faces, which normally assume a triangular form.

Additionally, their barycentres must be computed and combined in order to compute any pos-
sible equilibria [9]. Finally, whilst it was not necessary to determine for a 3-strategy system,
for simplexes of higher order, it was concluded that the trajectories are stable in the normal
direction, meaning that they will contract back to manifold in the case of a perturbation. Addi-
tionally, after a subsequent meaningful analysis of the tangential directions, it was concluded
that the system trajectories in higher dimensions exhibit saddle behaviour, being stable in the
consensus direction and unstable in the redistribution directions [8].

2. Subsequently, for The Replicator Diffusion PDEs, it can be determined that:

e The system could be non-dimensionalised. This meant the variables  (representing the pro-
portion of the population who used a linguistic variable) and D (the rate of spatial smoothing
in the system) could be omitted whilst enabling the general dynamical structure of the system
to be retained [10].

e The following techniques could be considered in order to analyse the PDE system:

- A steady state analysis, which was performed in order to enable equilibria to be computed
at the spatially homogeneous steady states. These were determined as u = 0,3 and
1. Moreover, using a mechanical system analogue, it could be concluded that spatially
varying steady states of system can exhibit a profile which oscillates periodically between
two values. However, should they possess enough potential energy, they could form:

+ A homoclinic orbit, meaning it loops back to a single potential well.

+ A heteroclinic orbit, meaning that it transitions between the 2 in this system (u = 0
and u = 1). This corresponds to a front of the PDE, where it transitions between these
two equilibria.

- A travelling wave analogue, which was formed through determining a different co-
ordinate frame, z, relative to which wave profile, U(z), is viewed. This primarily allowed
for more conclusions to be made about the spatially homogeneous steady states:

+ The equilibrium (%, 0) transitions from oscillatory to monotone stability.
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+ There exists a front between the equilibria 0,0 and 1, 0 corresponding to the stationary
wave front, where the planar wave speed c = 0. As shown by a plot, this stationary
wave front was in the form of a tanh-function.

+ As shown by the set of subplots relating to replicator-diffusion PDEs in both 1 and
2 spatial dimensions, the solution profiles exhibit several oscillations, which become
increasingly damped as an spatially homogeneous steady state is reached.

For Heatmaps produced by the Method of Lines, the curvature of the isogloss (a level set within
the front) can be considered in order to understand how this interface evolves as it propagates
through space [12]. In addition, a normalised correlation function can be employed in order
to quantify the extent to which the system solutions remain related as the distance between
two regions increases. This was shown to exhibit repeated oscillations, linking back to the
periodicity determined in the previous section of the chapter. Additionally, the weighted mean
correlation length was determined to be approximately 1, meaning that the system can traverse
a distance, r, of 1 unit before the prevalence of a linguistic variable is no longer similar between
regions.

. Finally, for The Stochastic Model, it can be concluded that:

The system could be constructed considering both a deterministic component, 1(X;), in addition
to a stochastic term o(X}) in order to consider random noise within the population. This p(X})
was eventually determined to be the conformity term in the 2-dimensional ODE model from
the first chapter combined with a term to take into account mutations, v, in the population [5].
Moreover, the 0(X;) diffusion term is able to be formed by the Wright-Fisher model [5].

As a result of the mutation in the drift term, this model exhibited a supercritical pitchfork

bifurcation at the point v = g, where the branch x = 1 progresses from unstable to stable, as
well as two stable branches as depicted in as was depicted in a figure in this chapter.

The Euler-Maruyama method can be used in order to analyse how the stochastic model develops
over time using a discrete approximation [17]. This was later developed through constructing a
plot of probabilistic trajectories, including their ensemble mean, and observing their qualitative
behaviour.
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